We study questions around the existence of bounds and the dependence on parameters for linear-algebraic problems in polynomial rings over rings of an arithmetic flavour. In particular, we show that the module of syzygies of polynomials f 1 ; … ; f n [ R½X 1 ; … ; X N with coefficients in a Prüfer domain R can be generated by elements whose degrees are bounded by a number only depending on N, n and the degree of the f j : This implies that if R is a Bézout domain, then the generators can be parametrized in terms of the coefficients of f 1 ; … ; f n using the ring operations and a certain division function, uniformly in R.
Introduction
The main theme of this article is the existence of bounds for basic operations of linear algebra in polynomial rings over (commutative) rings of an arithmetic nature. The following result, shown in section 3 below, is typical. Theorem A Given integers N; d; n $ 0 there exists an integer b ¼ bðN; d; nÞ with the following property: for every Prüfer domain R and polynomials f 1 ; … ; f n [ R½ X ¼ R½X 1 ; … ; X N of (total ) degree at most d, the R½ X -submodule of R½ X n consisting of all solutions to the linear homogeneous equation f 1 y 1 þ · · · þ f n y n ¼ 0 can be generated by ( finitely many) solutions whose components have degree at most b:
A classical theorem due to Hermann [24] states that Theorem A is true if we replace 'Prüfer domain' by 'field'. In this case, it is easy to see that b can be chosen independent of n; Seidenberg [36] computed an explicit (doubly exponential) bound b: In [2] we extended Hermann's result to the class of almost Dedekind domains (that is, domains all of whose localizations at maximal ideals are discrete valuation rings) and obtained the bound first-order logic). We also work in the more general setting of semihereditary rings and rely in an essential way on a theorem of Vasconcelos (see Theorem 3.1 below) on the coherence of polynomial rings over semihereditary rings. Theorem A remains true for certain possibly nonreduced rings as well, in particular for Artinian local rings of fixed length; see Corollary 3.18.
The following theorem, proved in section 4, shows that the analogue of Theorem A for inhomogeneous linear equations holds only in a very restricted setting.
Theorem B For a ring R, the following statements are equivalent.
(1) The nilradical
of R is nilpotent, and R=NilðRÞ is von Neumann regular.
(2) For all integers N; d; n $ 0 there exists an integer b ¼ bðN; d; nÞ with the following property: if f 1 ; … ; f n [ R½ X ¼ R½X 1 ; … ; X N are of degree at most d such that 1 ¼ f 1 g 1 þ · · · þ f n g n for some g 1 ; … ; g n [ R½ X ; then there exist such g j of degree at most b:
Moreover, for every m $ 1 and N; d; n $ 0 there exists an integer bðN; d; n; mÞ such that if NilðRÞ m ¼ {0} and R=NilðRÞ is von Neumann regular, then (2) holds with b ¼ bðN; d; n; mÞ: Condition (1) in Theorem B is satisfied if R is an Artinian local ring, yielding a result on the existence of uniform bounds for the ideal membership problem in polynomial rings over Artinian local rings of bounded length, originally proved by Schoutens [32] . His result applies, in particular, if R is a field. In this special case, which is again due to Hermann [24] , the existence of such a uniform bound is equivalent to the following statement: if f 0 ; f 1 ; … ; f n are polynomials in Z½C; X (with C ¼ ðC 1 ; … ; C M Þ being parametric variables), then for each field F the subset {c [ F M : f 0 ðc; X Þ [ ð f 1 ðc; X Þ; … ; f n ðc; X ÞÞF½ X } ð1Þ
of F M is constructible, that is, a boolean combination of algebraic subsets of F M : Results on dependence on parameters such as this are most conveniently (and accurately) expressed using the terminology of mathematical logic: rephrased in this way, Hermann's theorem asserts that the set (1) above is definable by a quantifier-free formula in the language L ring ¼ {0; 1; þ; 2; · } of rings, uniformly for all fields F (see, for example, [25] for basic notions of first-order logic and model theory). Theorem C below can be seen as an analogue for polynomials with coefficients in Z: Before we can state this theorem, we have to introduce some more notation. If a; b [ Z are not both zero, we let ða : bÞ :¼ a=gcdða; bÞ; where gcdða; bÞ is the unique positive generator of the ideal ða; bÞ of Z: We also put ð0 : 0Þ :¼ 1: Moreover, we define a relation rad on pairs ða; bÞ of integers as follows: radða; bÞ holds if and only if b divides a n for some n [ N :¼ {0; 1; 2; … }: Let L rad be the expansion of the language L ring by a binary function symbol ð:Þ and a binary predicate symbol rad. We construe the ring Z as L rad -structure by interpreting the ring symbols as usual and the symbols ð:Þ and rad as described above. is definable by a quantifier-free formula in the language L rad :
It follows that for fixed f 0 ðC; XÞ; … ; f n ðC; XÞ [ Z½C; X; one can decide in polynomial time whether a tuple c [ Z M is in the set (2) . (This is well known for N ¼ 0; see, for example, [14] .) The quantifier-free formula in question can even be constructed from the f j by a primitive recursive algorithm.
Here is an analogue of Theorem C for homogeneous equations. We say that a term t ðC; XÞ in a language L extending the language L ring of rings is polynomial in X if t ðC; XÞ ¼ f ð@ ðCÞ; XÞ for some polynomial f [ Z½V; X; where V ¼ ðV 1 ; … ; V L Þ is a tuple of new variables and @ ðCÞ an L-tuple of L-terms in the variables C. (In other words, the extra function symbols in L\L ring are applied only to subterms of t not involving the X-variables.) We let L gcd be the sublanguage {0; 1; þ; · ; ð:Þ} of L rad :
Theorem In fact, the w ðlÞ and the y ðl;kÞ can be effectively constructed from f 1 ; … ; f n : Theorems C and D (suitably adapted) remain true in the more general setting of Bézout domains. It should be remarked that in contrast to Theorem D, it is not possible in general to obtain a parametric solution ð y 1 ; … ; y n Þ [ Z½ X n to an inhomogeneous linear equation f 0 ðc; X Þ ¼ f 1 ðc; X Þy 1 þ · · · þ f n ðc; X Þy n ; ð3Þ
even for the case f 0 ¼ 1: More precisely, by Theorem B (or the example in [2, section 6]) there do not exist finitely many n-tuples ðt 1k ðC; XÞ; … ; t nk ðC; XÞÞ of terms in a language L $ L ring such that Z can be expanded to an L-structure, each t ik ðC; XÞ is polynomial in X, and such that if c [ Z M with discuss coherent modules and rings. Most of the material is standard, but we emphasize issues of uniformity and definability. In section 3 we study bounds for homogeneous systems of linear equations. We introduce a notion (super coherence) related to the notion of 'stable coherence' from [19] and prove Theorems A and D. In section 4 we prove Theorems B and C. The theorems in sections 3 and 4 can be employed to obtain uniformity and definability results for various properties of ideals and algebraic constructions in polynomial rings. In section 5 we illustrate this by means of defining the primeness of an ideal. In the Appendix we give yet another application of the material in section 4 and obtain a characterization of Jacobson domains among Noetherian domains inspired by a characterization of Noetherian domains with the 'Skolem property' in [18] .
Preliminaries
In this section we collect some definitions and notation used in the sequel. The reader may glance over this part and come back to it for reference when necessary. We also recall some basic facts about Horn formulae which will come in handy in sections 2 and 3.
Rings, ideals and modules. Let R be a ring (throughout: commutative with a unit element 1). We write ðr 1 ; … ; r n ÞR for the ideal generated in R by elements r 1 ; … ; r n ; we omit R when it is clear from the context. The localization S 21 R; where S is the set of non-zero-divisors of R, is called the ring of fractions of R, denoted by Frac(R). For submodules M, M 0 of an R-module we define the ideal
Given an R-module M and ð f 1 ; … ; f n Þ [ M n ; the set of solutions in R n to the homogeneous system of linear equations y 1 f 1 þ · · · þ y n f n ¼ 0 is an R-submodule of R n ; which we call the (first) module of syzygies of ð f 1 ; … ; f n Þ: Polynomials. Unless otherwise noted, by X ¼ ðX 1 ; … ; X N Þ we always denote a tuple of N distinct indeterminates, where N [ N: The (total) degree of a polynomial 0 -f [ R½ X ¼ R½X 1 ; … ; X N is denoted by degð f Þ: By convention degð0Þ :¼ 21 where 21 , N: We extend this notation to finite tuples Reduced products. Let F be a filter on N; that is, a collection of non-empty subsets of N closed under taking finite intersections and supersets. For every k [ N let R ðkÞ be a ring. The reduced
We write a 7 ! a=F :¼ a þ I for the canonical homomorphism R ! R * ¼ R=I; and extend it in the usual manner to a homomorphism R n ! ðR * Þ n (for n [ N) which we denote in the same way. If F ¼ {N}; then a 7 ! a=F is an isomorphism R ! R * : Now suppose in addition that for every k [ N we are given an R ðkÞ -module M ðkÞ : Similarly as above, we then define the reduced product
Horn formulae. Let R be a ring and M an R-module. We construe M as a two-sorted structure (in the sense of model theory) in the following way. The two sorts are the ring sort with underlying set R and variables r; s; … ; and the group sort with underlying sort M and variables x; y; … : The corresponding two-sorted language L mod of modules is the disjoint union of (1) the language L ring ¼ {0; 1; þ; 2; · } of rings, interpreted in the obvious way in R;
(2) the language {0; þ; 2} of additive groups, interpreted in the obvious way in M;
(3) a binary function symbol · , interpreted as scalar multiplication ðr; xÞ ! r · x : R £ M ! M:
A basic Horn formula is an L mod -formula of the form
where p and q are natural numbers, q $ 1; and s i ¼ s i ðr; xÞ; t j ¼ t j ðr; xÞ are L mod -terms in two collections of distinct indeterminates r ¼ ðr 1 ; … ; r m Þ (ranging over R) and x ¼ ðx 1 ; … ; x n Þ (ranging over M ). We allow the case p ¼ 0; in which case the formula in question is just t 1 ¼ … ¼ t q ¼ 0: A Horn formula is an L mod -formula consisting of a finite (possibly empty) string of quantifiers, followed by a conjunction of basic Horn formulae. A Horn formula that is an L mod -sentence is called a Horn sentence. We omit the straightforward proof of this theorem (see, for example, [25 Theorem 9.4.3] and instead, as an illustration of its usefulness, apply it to re-prove a well-known algebraic fact.
bounds and definability in polynomial rings Lemma 1.2 Every reduced product of a family of semihereditary rings is semihereditary.
Proof.
A ring R is semihereditary if and only if for all n $ 1 and all f 1 ; … ; f n [ R the following holds, with I :¼ ð f 1 ; … ; f n ÞR and f : R n ! I; fða 1 ; … ; a n Þ ¼ a 1 f 1 þ · · · þ a n f n : There exist n 2 elements y ij [ R such that the map c : I ! R n given by c ð f i Þ ¼ ð y i1 ; … ; y in Þ is well defined and satisfies f + c ¼ id I : For given n, this statement can be easily formalized as a Horn sentence. The claim now follows from Theorem 1.1 (in the case where M ðkÞ ¼ R ðkÞ for all k). Theorem 1.1 also admits a converse: for any sentence c in the language of modules which is preserved under reduced products of families of modules there is a Horn sentence which is equivalent to c; in any module. This much deeper fact, a special case of a theorem due to Galvin and Keisler, will not be used here; see [9, Theorem 6.2.5].
Coherent modules and coherent rings
In this section, R always denotes a ring. An R-module M is finitely presented (sometimes also called finitely related) if there exists an exact sequence F 1 ! F 0 ! M ! 0 of R-linear maps, where F 0 ; F 1 are finitely generated free R-modules. A finitely generated R-module M is called coherent if every finitely generated submodule of M is finitely presented. Every finitely generated submodule of a coherent module is itself a coherent module. If R is Noetherian, then every finitely generated R-module is coherent.
We call a finitely generated R-module M a-uniformly coherent, where a : N ! N is a function, if for every n [ N the kernel of every R-module homomorphism R n ! M is generated by at most aðnÞ many elements. (Equivalently, the syzygies of every element of M n can be generated by aðnÞ elements of R n ; for all n [ N:) In this case, we call the function a a uniformity function for M. We say that M is uniformly coherent if it is a-uniformly coherent for some uniformity function a; clearly uniformly coherent implies coherent. (Uniformly coherent modules were first defined and studied by Soublin [39] ; see also [19, 20] .)
We say that an R-module M is m-generated (for m [ N) if it is generated by m elements. Being m-generated and a-uniformly coherent is a property of a module (for given m and given uniformity function a) which is preserved under taking reduced products. More precisely we have the following. Proof. By Theorem 1.1, since the condition that a given module is m-generated and a-uniformly coherent can be expressed by a Horn sentence. (1) M is m-generated and a-uniformly coherent;
(2) for every filter F on Z; M N =F is an m-generated and a-uniformly coherent R N =F -module;
(3) M N is an m-generated and a-uniformly coherent R N -module. (1) M is finitely generated and uniformly coherent;
(2) for every filter F on N; M N =F is a finitely generated coherent R N =F -module;
(3) M N is a finitely generated coherent R N -module.
Proof. The implication (1) ) (2) follows from the proposition, and (2) ) (3) by taking F ¼ {N} in (2) . It remains to show (3) ) (1). So assume that M N is an m-generated coherent module over R N ; for some m [ N: Then M is an m-generated R-module. Suppose for a contradiction that M is not uniformly coherent, that is, there is an integer n [ N with the following property. For every k [ N there is ð f ðkÞ 1 ; … ; f ðkÞ n Þ [ M n whose syzygies cannot be generated by k elements. Let
Then the R N -module of syzygies of ð f 1 ; … ; f n Þ [ ðM N Þ n is not finitely generated, contradicting the coherence of M N :
A ring R is called coherent if it is coherent as a module over itself, that is, if every finitely generated ideal of R is finitely presented. The following characterizations of coherence are due to Chase [10] ; for a proof see [19, pp. 45 -47] .
Theorem 2.4 The following are equivalent, for a ring R:
(1) R is a coherent ring;
(2) every finitely presented R-module is coherent;
(3) every direct product of flat R-modules is flat; (4) for every non-empty set L, the R-module R L is flat; (5) for every finitely generated ideal I of R and every a [ R; the ideal I : ðaÞ is finitely generated; (6) for every a [ R; the ideal ð0Þ : ðaÞ of R is finitely generated, and the intersection of two finitely generated ideals of R is a finitely generated ideal.
An ideal I of R is called nilpotent if there exists an integer m $ 1 such that I m ¼ {0}; and the smallest such m is called the index of nilpotency of I. Here are some sufficient conditions which ensure the preservation of coherence under ring extensions and quotients; see [19, (1) If R is a coherent ring, then S is a coherent ring.
(2) If ker f is a finitely presented nilpotent ideal of R and S is a coherent ring, then R is a coherent ring.
A ring R is called a-uniformly coherent if it is a-uniformly coherent as a module over itself, and uniformly coherent if it is a-uniformly coherent for some a : N ! N: By Corollary 2.3, R is uniformly coherent if and only if R N is coherent. Noetherian rings are rarely uniformly coherent. A Noetherian ring R is a-uniformly coherent if and only if dim R # 2 and R m is a-uniformly coherent, for every maximal ideal m of R. In this case one can take aðnÞ ¼ n þ 2; see [19, Corollary 6.1.21] .
bounds and definability in polynomial rings
The condition of a-coherence only concerns syzygies of tuples of elements of R. However, it implies the existence of a finite bound on the number of generators for the syzygies of tuples of elements of R m for m . 1:
Lemma 2.6 For all integers m; n . 0 and all m £ n-matrices A with entries in an a-uniformly coherent ring R, the module Sol R ðAÞ of solutions to the homogeneous system of linear equations Ay ¼ 0 is generated by a m ðnÞ solutions.
Proof. We proceed by induction on m, the case m ¼ 1 just being the definition of a-coherence. Suppose m . 1; and let n be a positive integer, R a-uniformly coherent, and A an m £ n-matrix with entries from R. Let ð f 1 ; … ; f n Þ be the first row of A and A 0 be the matrix consisting of the last m 2 1 rows of A. Let z 1 ; … ; z a be generators for the syzygies of ð f 1 ; … ; f n Þ; where a ¼ aðnÞ: Consider the z i as column vectors and let B ¼ A 0 · ðz 1 ; … ; z a Þ; an ðm 2 1Þ £ a-matrix with entries in R. The solutions to Ay ¼ 0 are in one-to-one correspondence with the solutions to Bu ¼ 0: every solution u ¼ ðu 1 ; … ; u a Þ tr [ R a to Bu ¼ 0 gives rise to a solution y ¼ ð y 1 ; … ; y n Þ tr [ R n to Ay ¼ 0 by setting y ¼ P i u i z i ; and every solution to Ay ¼ 0 arises in this way. By inductive hypothesis, there are a m ðnÞ generators for the module of solutions to Bu ¼ 0; giving rise to as many generators for the module of solutions to Ay ¼ 0:
Definition 2.7 Let C be a class of rings. We say that C is a-uniformly coherent if every member of C is a-uniformly coherent. We call C uniformly coherent if it is a-uniformly coherent for some uniformity function a:
The following lemma gives a criterion for a class of rings to be uniformly coherent. Proof. The 'only if' direction is trivial. The proof of the 'if' direction is similar to the proof of (3) ) (1) in Corollary 2.3: Suppose for a contradiction that every R [ C is coherent, but C is not uniformly coherent. Then there exists some n [ N such that for every k [ N there is an R ðkÞ [ C and ð f ðkÞ 1 ; … ; f ðkÞ n Þ [ ðR ðkÞ Þ n whose syzygies in ðR ðkÞ Þ n cannot be generated by k elements. Let
so R * is coherent. But the module of syzygies of ð f 1 ; … ; f n Þ in ðR * Þ n is not finitely generated, a contradiction.
The typical example of a uniformly coherent class of rings is the class of semihereditary rings. Lemma 2.9 Every semihereditary ring is uniformly coherent with uniformity function aðnÞ ¼ n:
Proof. Let R be a semihereditary ring and let f 1 ; … ; f n [ R: We have to show that the syzygies of ð f 1 ; … ; f n Þ are generated by n elements of R n : The finitely generated ideal I :
where fða 1 ; … ; a n Þ ¼ a 1 f 1 þ · · · þ a n f n for ða 1 ; … ; a n Þ [ R n ; splits. Hence K is a direct summand of R n ; and thus generated by n elements.
Other examples for uniformly coherent classes of rings can be obtained from rings of finite rank. Inspired by a definition of Cohen [12] we say that a ring R has finite rank if for some natural number k . 0; every finitely generated ideal of R is generated by k elements. (In [12] this definition is only made for Noetherian R.) We call the smallest integer k . 0 with this property the rank of R. Equivalently, a ring R has rank k if every ideal of R which is generated by k þ 1 elements is generated by k elements, but there exists a finitely generated ideal of R which cannot be generated by fewer than k elements. For example, the domains of rank 1 are exactly the Bézout domains. Any reduced product of a family of rings of rank at most k has itself rank at most k, by Theorem 1.1.
Lemma 2.10 Let R be a coherent ring of rank k. Then every finitely generated submodule of R n can be generated by nk elements.
This lemma appears in [12] for Noetherian R; the proof given there goes through for coherent R.
The class of coherent rings of rank k is uniformly coherent with uniformity function aðnÞ ¼ nk:
Proof. Let R be a coherent ring of rank k, and let f : R n ! R be an R linear map. Since R is coherent, ker f is finitely generated. By Lemma 2.10, ker f can be generated by nk elements.
Let us mention some classes of coherent rings with finite rank. First note that every Artinian ring R has finite rank, equal to the length of R. A Noetherian domain R has finite rank if and only if dim R # 1 [12, Theorem 9]; see [4] for information about Noetherian domains of rank 2.
Proposition 2.12 Let R be a ring of finite Krull dimension d.
(1) If each localization of R has rank at most k, then R has rank at most d þ k:
(2) If each localization of R is uniformly coherent with common uniformity function n 7 ! aðnÞ; then R is uniformly coherent with uniformity function n 7 ! d þ aðnÞ:
Proof. We use the following fact, which is the culmination of work of Forster [17] , Swan [40] , Eisenbud and Evans [16] (for Noetherian rings) and Heitmann [22, 23] (in the general case). Let M be a finitely generated R-module, and k [ N: If for each prime ideal p of R, the R p -module M p ¼ M^RR p can be generated by k elements, then the R-module M can be generated by d þ k elements. The first part of the proposition now follows immediately. For the second part, let f : R n ! R be an R-linear map. Then ker ðf^R id R p Þ ¼ ðker fÞ^RR p can be generated by aðnÞ elements, for every prime ideal p of R. Hence ker f can be generated by d þ aðnÞ elements.
Remarks By part (1) in the proposition it follows that a hereditary ring R has rank at most 2, since dim R ¼ 1 and each localization of R, being a DVR, has rank at most 1. In contrast, there exist Prüfer domains of finite rank greater than 2 [35] , and even of infinite rank [41] . As to part (2), note that the assumption dim R , 1 cannot be dropped: there exists a ring R all of whose localizations are valuation rings, but R is not coherent [19, p. 54 ].
Model-theoretic aspects. Let L be a language extending the language L ring ¼ {0; 1; þ; 2; · } of rings, and let C be a class of L-structures whose L ring -reducts are rings. Fix a : N ! N; and suppose that for every integer n $ 1 there is a finite family {w ðlÞ ðCÞ} l[L of L-formulae w ðlÞ ðCÞ; where C ¼ ðC 1 ; … ; C n Þ is an n-tuple of distinct variables, and for each l [ L finitely many n £ 1 column vectors y ðl;1Þ ðCÞ; … ; y ðl;aðnÞÞ ðC Þ bounds and definability in polynomial rings whose entries are L-terms, with the following properties. For every R [ C and every a ¼ ða 1 ; … ; a n Þ [ R n ; we have In particular, R is a-uniformly coherent. Then, by the proof of Lemma 2.6, for all integers m; n . 0 and every m £ n-matrix A ¼ ða ij Þ [ R m£n there exists a similar parametrization of generators for the R-module Sol R ðAÞ by a m ðnÞ many column vectors whose entries are L-terms, which is uniform in R and the a ij : Moreover, if the w ðl;jÞ can be chosen quantifier-free (for all n), then the corresponding formulae describing the parametrization of the generators for Sol R ðAÞ can also be chosen quantifier-free.
Below, we consider two important examples for C: the class of Bézout domains and the class of valuation rings. We begin with a preliminary observation, valid for any ring R. For this fix a ¼ ða 1 ; … ; a n Þ [ R n ; and consider the homogeneous linear equation a 1 y 1 þ · · · þ a n y n ¼ 0:
ð2:1Þ
We have the following.
l n a n is a unit in R. Then the module of solutions to (2.1) in R n is generated by the n special solutions
Proof. We have
The ith component of the vector y 1 y ð1Þ þ · · · þ y n y ðnÞ is given by … ; a n Þ [ R n ; a -0; then the module of solutions in R n to (2.1) is generated by the special solutions y ði; jÞ ¼ ½0; … ; 0; ða j : a i Þ; 0; … ; 0; 2ða i : a j Þ; 0; … ; 0 tr [ R n ; 1 # i , j # n:
Proof. Suppose that R is a Bézout domain. Clearly the y ði;jÞ are solutions to (2.1), by (2.3). Let 0 -d [ R be a generator for ða 1 ; … ; a n ÞR: Then the linear homogeneous equation a 1 d y 1 þ · · · þ a n d y n ¼ 0 over R has the same solutions in R n as (2.1), and for all 1 # i; j # n there exists a unit u of R such that ða i = d : a j = dÞ ¼ u · ða i : a j Þ and ða j = d : a i = dÞ ¼ u · ða j : a i Þ; by (2.4). So replacing a i by a i = d for all i, if necessary, we may assume that 1 ¼ l 1 a 1 þ · · · þ l n a n for some l 1 ; … ; l n [ R:
Let y ð1Þ ; … ; y ðnÞ be as in the previous proposition. One shows easily that
for all i ¼ 1; … ; n: Therefore, since the y ð1Þ ; … ; y ðnÞ generate the solution module of (2.1), so do the y ði; j Þ ð1 # i , j # nÞ:
Lemma 2.14 and the discussion at the beginning of this subsection (applied to L ¼ L gcd ) yield the following fact. Here and below C ¼ ðC 1 ; … ; C M Þ: This corollary slightly improves [14, Corollary 5.4] , where a similar parametrization was given using terms in a larger language.
Valuation rings. Using Proposition 2.13 one shows the following easily.
Lemma 2.16 Let R be a valuation ring, a ¼ ða 1 ; … ; a n Þ [ R n ; and i [ {1; … ; n} such that a i -0 divides a j for all j ¼ 1; … ; n: The module of solutions to (2.1) in R n is generated by
(The ith component of y ð jÞ is a j =a i and the jth component is 2 1.)
Let L div be L ring ¼ {0; 1; þ; 2; · } augmented by a binary predicate j, to be interpreted in every ring R as divisibility, that is, ajb :, 
Corollary 2.19 Suppose that S is coherent and contains % k R ðkÞ : Then R * is a flat S-module.
Proof. Let M * be the module of syzygies in ðR * Þ n of a tuple ð f 1 ; … ; f n Þ [ S n ; so M ¼ M * > S n is a finitely generated S-module. We have to show R * M ¼ M * ; and hence, by Lemma 2.18, that p ðkÞ ðMÞ ¼ p ðkÞ ðM * Þ for every k. For this, let y ¼ ð 
Homogeneous linear equations in polynomial rings
In this section we will be concerned with the existence of uniform bounds for the degrees of generators for syzygy modules over polynomial rings. We define a super coherent class of rings to be one for which such bounds exist. This notion is related to 'stable coherence' introduced in [19] . We show that the class of semihereditary rings is super coherent, yielding Theorem A from the Introduction. We also prove Theorem D and discuss some strengthenings of Theorem A.
Stable coherence and super coherence. A ring R is called stably coherent if for every N $ 0 the ring of polynomials R½X 1 ; … ; X N over R is coherent. We say that a class C of rings is stably coherent if every R [ C is stably coherent. For example, the class of Noetherian rings is stably coherent, by virtue of the Hilbert Basis Theorem. There exist coherent rings R which are not stably coherent [38] . We have the following theorem proved by Vasconcelos [21] , after a conjecture by Sabbagh [31, p. 502 ]. For an efficient proof based on work of Alfonsi see [19, Chapter 7] . For the purpose of this section we introduce a notion related to stable coherence. 
is a linear combination of solutions of degree at most bðN; d; nÞ: We say that R is super coherent if it is ða; bÞ-super coherent for some functions a and b as above.
Remarks Let R be ða; bÞ-super coherent. The localization R U of R at a multiplicative subset U of R is ða; bÞ-super coherent. If I is a finitely generated ideal of R, then R=I is super coherent. If R is a faithfully flat extension of an a-uniformly coherent subring S, then S is ða; bÞ-super coherent. (These facts are immediate consequences of the definition.)
bounds and definability in polynomial rings
A super coherent ring is stably coherent. In fact we have the following. Lemma 3.3 Given a : N ! N and b : N 3 ! N there exists a function g : N 3 ! N with the property that for all ða; bÞ-super coherent rings R and all f 1 ; … ; f n [ R½ X of degree at most d, the module of solutions in R½ X to the homogeneous linear equation
is generated by g ðN; d; nÞ many solutions of degree at most bðN; d; nÞ:
Proof. The R-module of solutions to the homogeneous linear equation (3.1) in R½ X n which have degree at most b ¼ bðN; d; nÞ is isomorphic to the module of solutions to a certain system
nates. Hence by Lemma 2.6 the former module can be generated by g ðN; d; nÞ :¼ a m 0 ðn 0 Þ many elements. These elements will then also generate the R½ X -module of solutions to (3.1) in R½ X n :
If R is ða; bÞ-super coherent and of finite rank k, then we can take aðnÞ ¼ nk (Corollary 2.11), and the function ðN; d; nÞ 7 ! bðN; d; nÞ and hence also the function ðN; d; nÞ 7 ! g ðN; d; nÞ can be chosen so as to not depend on n. For if we have a bound b ¼ bðN; d; nÞ for
then this b will also be a bound for all other values of n (by Lemma 2.10). Lemma 3.3 extends to systems of homogeneous linear equations. Let R be a ring. We say that an R½ X -submodule of R½ X m is of type (n, d) (where n, d [ N) if it is generated by n elements of degree at most d. Corollary 3.4 and standard arguments (see, for example [2, proof of Proposition 4.7]) yield the following. A class C of rings is called ða; bÞ-super coherent if every ring R [ C is ða; bÞ-super coherent.
We say that C is super coherent if C is ða; bÞ-super coherent for some a; b as above. The main result of this section is the following. In particular, it then follows that a ring R is super coherent if and only if R N is stably coherent. The theorem together with Lemma 1.2 and Theorem 3.1 imply the following. cannot be generated by elements of degree k or less, that is, there exists a column vector
which is not an R ðkÞ ½ X -linear combination of solutions of degree at most k. Put
Write each polynomial f ðkÞ i as
where the sum ranges over all n ¼ ðn 1 ; … ; n N Þ [ N N and a ðkÞ i;n [ R ðkÞ ; X n ¼ X n 1 1 · · · X n N N : We have a ðkÞ i;n ¼ 0 if jnj :¼ n 1 þ · · · þ n N . d: Hence
is a solution to the homogeneous linear equation f 1 y 1 þ · · · þ f n y n ¼ 0:
Since R½ X * is flat over R * ½ X ; y is an R½ X * -linear combination of certain solutions z 1 ; … ; z m [ ðR * ½ X Þ n : Let k be an integer larger than the degrees of z 1 ; … ; z m : It follows that y ðkÞ ¼ p ðkÞ ð yÞ is a linear combination of the solutions p ðkÞ ðz 1 Þ; … ; p ðkÞ ðz m Þ [ ðR ðkÞ ½ X Þ n to (3.2) which have degree at most k. This is a contradiction to the choice of y ðkÞ :
We now prove Theorem 3.6. Let C be a class of rings which is closed under direct products. We have already remarked that any super coherent ring is stably coherent. Suppose conversely that C is stably coherent. By Lemma 2.8, C is uniformly coherent. In order to show that C is super coherent, we have to prove that for every family {R ðkÞ } k[N of rings in C and every integer
Since C is closed under direct products and stably coherent, R * ½ X is coherent. The subring R * ½ X of R½ X * contains % k ðR ðkÞ ½ X Þ: The claim now follows from Corollary 2.19.
Remark The hypothesis of Theorem 3.6 is cannot be dropped, as the class G 2 of coherent rings of global dimension 2 shows. (See, for example [19] for the definition of the global dimension of a ring.) By a theorem of Greenberg and Vasconcelos [21] , G 2 is stably coherent. However, there exist rings in G 2 which are not super coherent. For example let R ¼ Q½½U; V; where U, V are distinct indeterminates, and consider the ideals
of the polynomial ring R½ X ; where X is a single indeterminate and d $ 4: Then I > J d cannot be generated by polynomials of degree less than d, see [38] . By Corollary 3.5 it follows that R is not super coherent. We leave it to the reader to formulate a similar result for Bézout domains, using Corollary 3.9.
Extremely coherent rings. In the following lemma, let C be a class of rings which is closed under direct products and (a,b)-super coherent, and let g : N 3 ! N be as in Lemma 3.3. Proof. In order to establish the existence of a function d with the required property, we first note that it suffices to show the following seemingly weaker statement. Remark The proof shows that if there exists an integer k . 0 such that every R [ C is of finite rank at most k, then the function ðN; d; e; nÞ 7 ! d ðN; d; e; nÞ can be chosen not to depend on n.
Let us call a class C of rings ða; b; dÞ-extremely coherent if C is (a,b)-super coherent and d : N 4 ! N satisfies the conclusion of the previous lemma, with g as in Lemma 3.3. We say that C is extremely coherent if it is ða; b; dÞ-extremely coherent for some choice of uniformity functions a; b; d: The last lemma yields a refinement of the 'if' direction of Theorem 3.6: Corollary 3.13 A class of rings which is closed under direct products and stably coherent is extremely coherent.
We say that a ring R is ða; b; dÞ-extremely coherent if the class C ¼ {R} is ða; b; dÞ-extremely coherent.
Lemma 3.14 Let a, b, g and d be as above. 
Examples
(1) By the results of Hermann [24] and Seidenberg [36] , the class of fields is extremely coherent with uniformity functions aðnÞ ¼ n; bðN; dÞ ¼ ð2dÞ 2 N21 and d ðN;
The localization R m of a von Neumann regular ring R at one of its maximal ideals m is a field. By the above remark, Lemma 3.14 and example (1) , this implies that the class of von Neumann regular rings is extremely coherent with the same uniformity functions as in (1) . (This was first observed by Sabbagh [31] .) (3) The class of DVRs is extremely coherent, by [2, proof of Theorem 4.1]; see also the remark following Corollary 3.7. (4) The class of hereditary rings is extremely coherent with the same uniformity functions as in example (3), by the remark above and Lemma 3.14. (5) The class S of semihereditary rings is extremely coherent, by Corollary 3.13. The nature of the associated uniformity functions b and d is somewhat mysterious. Can they be chosen to be doubly exponential similar to the ones in example (1)? (In trying to answer this question it is enough to restrict to the subclass of S consisting of all valuation rings).
Rings with nilpotents. So far, we have concentrated on classes of reduced rings, such as the class S of semihereditary rings. We will now exhibit certain extremely coherent classes of rings extending S which also contain rings with non-zero nilradical. We say that a module M over a ring R is m-presented (for a given m $ 1) if there exists an exact sequence R m ! R m ! M ! 0 of R-linear maps. Using Theorem 1.1 it is routine to show the following. In order to show that S m is extremely coherent, it remains to show (by Corollary 3.13) that for every R [ S m and every integer N $ 0 the polynomial ring R½ X ¼ R½X 1 ; … ; X N is coherent. Since R = NilðRÞ is semihereditary, the ring ðR = NilðRÞÞ½ X is coherent, by Theorem 3.1. The natural surjection R ! R = NilðRÞ induces a ring homomorphism f : R½ X ! ðR = NilðRÞÞ½ X with finitely generated nilpotent kernel ker f ¼ NilðRÞR½ X : Now Nil(R) is a finitely presented R-module, hence NilðRÞR½ X is a finitely presented R½ X -module (since the ring extension R ! R½ X is faithfully flat). It follows that R½ X is coherent, by part (2) Remark For Artinian local rings, Corollary 3.18 was first proved by Schoutens [32] .
Inhomogeneous linear equations in polynomial rings
The main purpose of this section is to show Theorems B and C from the Introduction. On our way to proving Theorem C we will also treat the question of defining membership in the nilradical of a finitely generated ideal in a polynomial ring over an arbitrary ring. 
If a ring R is uniform and of finite rank, then R is b-uniform for some function ðN; d; nÞ 7 ! bðN; d; nÞ which does not depend on n; see the remark following Lemma 3.3. The proof of the next lemma is similar to the proof of Lemma 3.8. We leave the details to the reader. The first goal of this section is to show that uniformity is a rather serious restriction. Before we begin the proof, we establish several lemmas. For a proof of the first one see The next lemma shows that the class of von Neumann regular rings is uniform. m. aschenbrenner Lemma 4.6 Let R be a von Neumann regular ring, N $ 0; and f 1 ; … ; f n [ R½ X ¼ R½X 1 ; … ; X N of degree at most d. If 1 [ ð f 1 ; … ; f n ÞR½ X ; then there exist polynomials g 1 ; … ; g n [ R½ X of degree at most bðN; dÞ ¼ d Nþ1 such that 1 ¼ f 1 g 1 þ · · · þ f n g n :
Proof. Since R is von Neumann regular, R can be embedded into a direct product S ¼ Q i[I K i of a family of fields with S faithfully flat over R. Hence S½ X is faithfully flat over R½ X : Replacing R by S if necessary we can therefore assume that R is a direct product of a family of fields, and in this case the lemma follows from the effective Nullstellensatz of Kollár [26] .
Recall the familiar multinomial formula. For e; M [ N; M $ 1; 
The degree of h is at most d Nþ2 : By Lemma 4.7 it follows that h D ¼ 0; where
· m: On the other hand we have, by letting M ¼ n þ 1 in (4.1) and specializing Y 1 to 1 and Y 2 ; … ; Y M to f 1 g 1 ; … ; f n g n ; respectively, f 0 ¼ f 1 g 1 þ · · · þ f n g n for some g 1 ; … ; g n [ R½ X of degree at most b.
Proof. Let R be an Artinian ring of length at most l, and f 0 ; f 1 ; … ; f n [ R½ X ¼ R½X 1 ; … ; X N of degree at most d. Consider the homogeneous linear equation
By Corollary 3.18 we find generators y ð1Þ ; … ; y ðKÞ [ R½ X nþ1 for the module of solutions to (4.2) whose degrees are uniformly bounded in terms of N, d, l (independent of R and f 0 ; … ; f n Þ: For g 1 ; … ; g n [ R½ X we have f 0 ¼ f 1 g 1 þ · · · þ f n g n if and only if ð1; 2g 1 ; … ; 2g n Þ tr is a solution to (4.2). Write y ðkÞ ¼ ð y ðkÞ 0 ; … ; y ðkÞ n Þ tr : By Theorem 4.4, if 1 [ ð y ð1Þ 0 ; … ; y ðKÞ 0 ÞR½ X ; then there exist h 1 ; … ; h K [ R½ X with 1 ¼ y ð1Þ 0 h 1 þ · · · þ y ðKÞ 0 h K whose degrees are uniformly bounded in terms of N, d and l. The corollary follows.
Remark Corollary 4.9 was first proved by Schoutens [32] (for local Artinian rings). For l ¼ 1 and R local, we recover Hermann's theorem quoted after Theorem A.
We now turn to issues of definability. Remark The ideal c ( f) of R generated by the coefficients of a polynomial f [ R½ X is called the content of f. Lemma 4.10 may also be used to obtain a quick proof of the following generalization of Gauss's lemma:
To see this, note first that it suffices to show the inclusion $. Moreover, it is enough treat the case where R ¼ Z and the coefficients of f and g are pairwise distinct indeterminates over Z½ X :
Fixing an enumeration X m 1 ; … ; X m M of all monomials of degree at most d we may therefore write
By Lemma 4.10 (applied to Z½C; C 0 in place of R½ X ) we may further reduce to the case where R ¼ K is a prime field (that is K ¼ Q or K ¼ F p for some prime p). Since for all
the algebraic subset V of ðK alg Þ 2M defined by the vanishing of the coefficients of f ðC; XÞ · gðC 0 ; XÞ is the union
The Nullstellensatz now yields the claim. (See [28] for a different proof.)
Let L Ã rad be the language of rings augmented by a (k þ 1)-ary predicate symbol rad k ; for each k . 0: We construe a ring R as an L Ã rad -structure by interpreting the ring symbols as usual In particular, if R is a DVR with associated valuation v, then
so the relations rad k are quantifier-free definable in the L div -structure R.
By the discussion above, we obtain the following. Remark The relation rad 1 is indispensable for defining membership in the nilradical of an ideal in R½ X in a quantifier-free way, as in the previous corollary. This can be shown by a modification of the example in [2, section 6] . Let a, b be elements of a ring R, and suppose that X is a single indeterminate. Then
Proof. If a n ¼ bc for some n [ N; n . 0; and c [ R; then From the pair (A,b) one can construct (primitive recursively) a quantifier-free L rad -formula wðCÞ which defines the set (4.5) in every PID R (by the remark after Corollary 3.10). Specializing even further to DVRs (and using Corollary 3.10 instead of Corollary 3.9) we get the following result. If all polynomials a ij ðC; XÞ and b i ðC; XÞ are homogeneous in the indeterminates X ¼ ðX 1 ; … ; X N Þ; we can improve these results.
Corollary 4.15 Suppose that all a ij and b i are homogeneous in X: Then one can primitive recursively construct a quantifier-free L gcd -formula which defines (4.5) for every Bézout domain R, and one can primitive recursively construct a quantifier-free L div -formula which defines (4.5) for every valuation ring R.
Proof. If N ¼ 0; then this follows from [14] or more directly from a theorem of I. Heger, 1856 (see [29] We first consider this question in the case that R ¼ K is a field. By [ In particular, there is a universal formula in the language L ring ¼ {0; 1; þ; 2; · } of rings defining the set of coefficients c [ K M such that the ideal in K½ X generated by f 1 ðc; X Þ; … ; f n ðc; X Þ is radical, for every field K; similarly for 'primary' in place of 'radical'. (If we restrict ourselves to algebraically closed K, then these formulae may even be chosen quantifier-free, by quantifier-elimination for the theory of algebraically closed fields.) Since an ideal of a ring is prime if and only if it is radical and primary, we also get I is prime , and there exists a universal L ring -formula defining the set (5.1) for all fields R ¼ K:
In [13, Chapter IV, §3], it was shown that (5.1) may even be defined quantifier-free in a certain natural extension of L ring ; uniformly for all fields R ¼ K: We give a brief account of this result, simplifying it in the process by replacing some of the Skolem functions used in the extension of the language L ring by certain predicate symbols for zeros of separable polynomials, and extending it to define the properties primary and radical.
Prime ideals in polynomial rings over fields. Let K be a field and p ¼ char
(1) separable if L p and K are linearly disjoint over K p ;
(2) primary if the separable algebraic closure of K in L equals K, and (3) regular if it is both separable and primary.
The following lemma and its corollary below are well known.
Lemma 5.1 Let A be a K-algebra and B ¼ A^KL; an L-algebra.
(1) If LjK is separable and A is reduced, then B is reduced.
(2) If LjK is primary and Nil(A) is a prime ideal of A, then Nil(B) is a prime ideal of B.
(3) If LjK is regular and A is an integral domain, then B is an integral domain.
Proof. Part (1) follows from [6, Proposition 5 of Chapter V, §15]. For (2), note that replacing A by A NilðAÞ we may assume that A is an integral domain. Now it follows from [6, Chapter V, §17, Corollary to Proposition 1], that Nil(B) is prime in B. Since a ring is an integral domain if and only if it is reduced and the set of its nilpotent elements is a prime ideal, (3) follows from (1) and (2).
Corollary 5.2 Let I be an ideal of K½ X :
(1) If LjK is separable and I is a radical ideal, then IL½ X is a radical ideal.
(2) If LjK is primary and I is a primary ideal, then IL½ X is a primary ideal.
(3) If LjK is regular and I is a prime ideal, then IL½ X is a prime ideal.
Remark From (1) of the Corollary 5.2 it follows that the condition that f 1 ðc; X Þ; … ; f n ðc; X Þ generate a radical ideal in K½ X is definable by a quantifier-free L-condition on c [ K M ; uniformly for all perfect fields K.
Let L 1 be the language L ring of rings augmented by a unary function symbol 21 and, for every m $ 1; an m-ary predicate symbol Z m : We let T 1 be the extension of the theory of rings (formulated in the language L ring ) by the defining axiom K o Z m ða 1 ; … ; a m Þ , T m þ a 1 T m21 þ · · · þ a m [ K½T is separable and has a zero in K:
Every field can be expanded uniquely to a model of T 1 ; and a substructure of a model of T 1 is a field (but not necessarily a model of T 1 ). Note that we include the symbol 21 for convenience only: in T 1 ; every quantifier-free L 1 -formula is equivalent to a quantifier-free L 0 -formula, where L 0 ¼ L 1 \{ 21 }: This can be seen using the following model-theoretic fact, which is proved by a standard application of the Compactness Theorem; we leave the proof to the reader. (1) There exists a quantifier-free L-formula wðxÞ such that T Ã o ;xðw Ã $ wÞ:
(2) For all models A Ã and B Ã of T Ã whose reducts to L have a common L-substructure C ¼ ðC; … Þ; and for all c [ C n ;
Remark Suppose that one of the equivalent conditions in the lemma holds for an L Ã -formula w Ã ðxÞ: If L Ã and T Ã are recursively enumerable, then a quantifier-free L-formula w as in (1) can be found effectively, by Gödel's Completeness Theorem.
For a field K, we denote the separable algebraic closure of K (in a fixed algebraic closure of K) by K sep :
Lemma 5.4 Suppose E and F are the underlying fields of models of T 1 having a common L 1 -substructure with underlying field K. There exists an isomorphism E > K sep ! F > K sep which is the identity on K.
This lemma is due to Ax ([3, §3, Lemma 5]). We use it to show the following.
Corollary 5.5 There exists a quantifier-free L 0 -formula w primary ðCÞ such that for every field K and all c [ K M ;
K o w primary ðcÞ , ðf 1 ðc; X Þ; … ; f n ðc; X ÞÞK½ X is primary:
Proof. By the above discussion, there exists an L ring -formula wðCÞ (possibly involving quantifiers) such that for all fields K and c [ K M ;
K o wðcÞ , ðf 1 ðc; X Þ; … ; f n ðc; X ÞÞK½ X is primary:
Suppose now that E and F are the underlying fields of models of T 1 having a common substructure with underlying field K, and suppose c [ K M is such that E o wðcÞ; that is, the ideal IE½ X is primary, where I U ð f 1 ðc; X Þ; … ; f n ðc; X ÞÞK½ X :
Then, by faithful flatness of E½ X as module over ðE > K sep Þ½ X ; is primary, and hence so is IðF > K sep Þ½ X ; by Lemma 5.4. Since the field extension F $ F > K sep is primary, we get F o wðcÞ; by Corollary 5.2 (2) . Using Lemma 5.3 it follows that w is equivalent to a quantifier-free L 0 -formula in T 1 :
Using Corollary 5.5 and the remark following Corollary 5.2 we get the following. K o c prime ðcÞ , ðf 1 ðc; X Þ; … ; f n ðc; X ÞÞK½ X is prime:
Let now L 2 be the language L ring augmented by function symbols 21 (unary) and l mi (m-ary), for all 1 # i # m: We extend the theory of rings to an L 2 -theory T 2 by adding the defining axiom (5.2) and for each m $ 1 an axiom saying that for any model of T 2 with underlying field K and a ¼ ða 1 ; … ; a m Þ [ K m ; the vector l m ðaÞ ¼ ðl m1 ðaÞ; … ; l mm ðaÞÞ [ K m is a non-trivial solution of the equation
if there is such a solution and char K ¼ p . 0: Every field may be expanded to a model of T 2 : Note that T 2 is a universal theory, and if K # L are the underlying fields of an extension of models of T 2 ; then LjK is a separable field extension. Along the lines of the proof of Corollary 5.5, using part (1) of Corollary 5.2 instead of (2), one shows the following.
Corollary 5.7 There exists a quantifier-free L 2 -formula w radical ðCÞ such that for every field K and all c [ K M ;
K o w radical ðcÞ , ðf 1 ðc; X Þ; … ; f n ðc; X ÞÞK½ X is radical:
Hence in particular, the quantifier-free formula w prime ¼ w primary^wradical in the language L 1 < L 2 defines the set (5.1) for all fields R ¼ K:
Prime ideals in polynomial rings over some arithmetical rings. Based on the previous results, it is now more or less straightforward to produce numerous corollaries about the definability of primality for ideals in polynomial rings R½ X ; where R is a DVR, a PID, etc. In order to keep the notational effort minimal, we restrict ourselves to treating the following two situations:
(1) R is a DVR with perfect residue and fraction fields; (2) R ¼ Z:
Given any integral domain R with fraction field F and a finitely generated ideal I of R½ X ; there exists a non-zero d [ R such that IF½ X > R½ X ¼ I : dR½ X : ( In particular, I > R -ð0Þ , d [ I:) This is trivial if R is Noetherian. The general case is a consequence of Hermann's method as described in [2, section 3, in particular Corollary 3.5]. In fact, analysing the proof of that corollary shows that d can be chosen in a uniform way. where IðcÞ U ð f 1 ðc; X Þ; … ; f n ðc; X ÞÞR½ X :
This yields the following.
Corollary 5.9 There exists a quantifier-free L div -formula @ div ðCÞ such that for every DVR R with fraction field F and every c [ R M ; we have R o @ div ðcÞ , IðcÞF½ X > R½ X ¼ IðcÞ: ð5:3Þ
Also, there exists a quantifier-free L rad -formula @ rad ðCÞ such that for every Bézout domain R with fraction field F and every c [ R M ; we have R o @ rad ðcÞ , IðcÞF½ X > R½ X ¼ IðcÞ:
Proof. By Lemma 5.8 and Corollaries 3.11, 4.14 we initially obtain a quantifier-free L div;D -formula @ div;D ðCÞ satisfying (5.3) for every DVR R and c [ R M ; with @ div;D in place of @ div : However, every quantifier-free L div;D -formula is equivalent to a quantifier-free L div -formula, in the L div;D -theory of valuation rings. (Use Lemma 5.3.) The first statement now follows. The second statement is obtained from Lemma 5.8, the remark following Corollary 3.11, and Theorem 4.13.
The next lemma is fundamental for what follows; we leave its proof to the reader.
Lemma 5.10 Let R be an integral domain with fraction field F, and let I be an ideal of R½ X : Then I is a prime ideal if and only if one of the following holds:
(1) IF½ X is a prime ideal of F½ X and IF½ X > R½ X ¼ I;
(2) the ideal I > R is a non-zero prime ideal of R, and the image of I under the canonical homomorphism R½ X ! ðR=I > RÞ½ X is a prime ideal.
Remark If R is a unique factorization domain and d is as above, then we may replace (2) in Lemma 5.10 by (2 0 ) there exists a prime factor p of d with p [ I; and the image of I under the canonical homomorphism R½ X ! ðR=pRÞ½ X is a prime ideal.
Prime ideals in polynomial rings over valuation rings. Let now L Ã div be the language
where Z m and Z m are m-ary predicate symbols, for m $ 1: We construe a valuation ring R (with fraction field F and residue field R) as an L Ã div -structure as follows: we interpret the symbols of L div as usual, and for a 1 ; … ; a m [ R; m $ 1; we put and R o Z m ða 1 ; … ; a m Þ :, T m þ a 1 T m21 þ · · · þ a m [ R½T has a zero in R:
From Corollaries 5.6, 5.9 and the remark following Lemma 5.10, we obtain the following. R o w prime;DVR ðc; pÞ , ðf 1 ðc; X Þ; … ; f n ðc; X ÞÞR½ X is a prime ideal:
Corollary 5.11 applies in particular to the ring R ¼ Z p of p-adic integers (with finite residue field F p and fraction field Q p of characteristic zero). Let L pow be the language obtained by augmenting the language L ring by a unary predicate symbols P n ; for each n . 0: We construe Z p as an L pow -structure by interpreting the ring symbols as usual and P n by the set of all nth powers of elements of Z p : By Macintyre's theorem [27] , the complete L pow -theory of Z p admits quantifier-elimination. The relations on Z m p given by Z m and Z m are definable in the L pow -structure Z p : Hence we have the following. Letting R range over all p-adically closed valuation rings (¼ models of the complete L powtheory of Z p ) and taking p ¼ p; this claim implies that there does not exist an L pow -formula wðCÞ with the property that for all p-adically closed valuation rings and all c [ R; we have R o wðcÞ if and only if I c is a prime ideal of R½ X :
For homogeneous ideals, however, we do have a more uniform version of Corollary 5.12. R o w hom prime; p ðcÞ , ð f 1 ðc; X Þ; … ; f n ðc; X ÞÞR½ X is a prime ideal:
